Locally refined spline surfaces for terrain and sea bed data: tailored
  approximation, export and analysis tools by Skytt, Vibeke & Dokken, Tor
Locally refined spline surfaces for terrain and sea
bed data: tailored approximation, export and
analysis tools∗
Vibeke Skytt and Tor Dokken
SINTEF Digital, Oslo, Norway
October 6, 2020
Abstract
The novel Locally Refined B-spline (LR B-spline) surface format is
suited for representing terrain and seabed data in a compact way. It
provides an alternative to the well know raster and triangulated surface
representations. An LR B-spline surface has an overall smooth behaviour
and allows the modelling of local details with only a limited growth in data
volume. The surfaces generated approximate the smooth component of a
cloud of data points within user specified tolerances. The method can be
modified to improve the accuracy in particular domains and selected data
points. The resulting surfaces are well suited for computing secondary
information such as contour curves and minimum and maximum points.
The surfaces can be translated into a raster or a tessellated surface of
desired quality or exported as collections of tensor-product spline surfaces.
Data transfer can also be performed using Part 42 of ISO 10303 (the STEP
standard) where LR B-splines were published in 2018.
Keywords Bathymetry · Locally refined spline surfaces · Approximation
· Surface analysis
1 Introduction
Geospatial data acquisition of terrains and sea beds produces huge point clouds.
The structure, or lack of structure, in the point cloud depends on the actual
data acquisition technology used. Efficient downstream uses of the acquired
data require in general structured and compact data representations. Working
directly in the point cloud is not attractive.
The approach we will follow in this paper is to use the novel Locally Re-
fined B-spline surfaces (LR B-splines) for representation of geospatial data. To
relate LR B-splines to surface representations already in use in Geographic In-
formation Systems (GIS), we provide in Sect. 1.1 an overview of other relevant
representations.
∗This work has been supported by the Norwegian research counsil under grant number
270922.
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The starting point for an LR B-spline surface is a tensor product B-spline
surface. In the LR B-spline surface extra degrees of freedom are inserted locally
when needed. The desired smoothness is maintained, and the growth in data
volume is kept under control. The extension of B-spline surfaces to LR B-splines
is presented in detail in Sect. 2 along with the procedure for creating LR B-spline
surfaces from geographical point clouds.
Interoperability with existing GIS-technology is essential for the deployment
of LR B-splines within GIS. Sect. 3 addresses how LR B-spline surfaces can be
converted to standard formats used in GIS-systems.
Once an LR B-spline surface representation of some GIS data is obtained,
this surface can be interrogated to compute and derive information on the ter-
rain, e.g., contour curves, slope and aspect ratio. In Sect. 4 we focus on contour
curves and extremal points.
The format of locally refined splines is flexible. The property of local refine-
ment is used to expand the modelling freedom in areas with high degree of local
variation in the data set. This flexibility can be exploited further by requiring
higher accuracy in specified areas or in selected points. In the subsea context
it is most often important to have high accuracy in areas with shallows water
rather than where the water is deep. Sect. 5 looks into three different methods
to emphasize particular domains in the data set.
Finally, we will provide some conclusions and set directions for further work
in Sect. 6.
1.1 GIS surface representations and relations to spline for-
mats
Raster representation is the most used data format in GIS. To make a raster
representation of a point cloud, the point cloud has to be mapped to a regular
grid. A survey on such methods can be found in [10]. The value in each grid cell
is set to reflect the height of the data in the cell, e.g., an average. The raster
is a compact, highly structured and approximate representation. The accuracy
depends on the resolution of the raster. If it is low compared to the variation
of the data then the result will be inaccurate, if the resolution is high compared
to the variation of the data then the data volume grows more than necessary.
If there are large differences in the local variation of the data in different areas,
then a trade-off between accuracy and data volume must be made.
Tensor product B-spline surfaces can be regarded as a generalization of raster
representation. A regular grid of polynomial elements describes the surface
instead of the regular grid of points of a raster representation. Dependent on
the application at hand the polynomial bi-degree (p1, p2), p1, p2 ≥ 0 is selected,
as well as the required continuity between adjacent polynomial elements.
In the context of representation of geospatial data we would typically use
p1 = p2 = p ≥ 2, and impose Cp−1 continuity across the mesh lines. If we set
p1 = p2 = 0 then we have a piecewise constant representation similar to the
raster. If we set p1 = p2 = p = 1 then we have a piecewise C
0 bi-linear surface
that interpolates between the raster values. Using p ≥ 2 we can represent
smooth data with high accuracy and reduced data volume. As for the raster
the resolution has to be set to balance between accuracy and data volume as
the tensor product structure of the representation is a global distribution of the
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degrees of freedom. Consequently, similar to the raster the tensor product B-
spline approach has limitations when there is large difference in local variation
of the data set to be approximated.
A frequently used alternative shape representation in GIS is the use of tri-
angulation (TIN). This is a flexible format for geospatial data that allows adap-
tation to local variations. It is thus capable of very high accuracy. In [7] a
triangulated surface is used to represent a drainage-basins while hydrological
similarity is used in the TIN creation in [18]. However, to restrict the data size,
approximation is required also here. Points in-between the corner points in a
triangle are found by linear interpolation. This interpolation can be represented
by total degree 1 Bezier triangles. Consequently allowing representation using
higher degree Bezier triangles and imposing higher order continuity between
adjacent triangles a smooth shape representation allowing local refinement can
be made. We will, however, not pursue this form of generalization in this paper.
Ensuring the desired continuity across surface boundaries requires a higher poly-
nomial degree than in the tensor product spline surface case, and the approach
is more complex with respect to data structures and algorithms.
2 The spline format and locally refined splines
2.1 Tensor product B-spline surfaces
Spline representations are well established [5] and spline curves and tensor-
product spline surfaces are in wide use in computer-aided design (CAD). A B-
spline represented curve f(t) =
∑N
i=1 ciBi,p(t) is a piecewise polynomial curve
defined on a knot vector t = {t1, t2, . . . , tN+p+1}, where c = {c1, . . . , cN}, ci ∈
Rd are the curve coefficients. The B-spline basis functions Bi,p, i = 1, . . . , N are
piecewise polynomial functions of degree p. The knots define the joints between
the polynomial pieces and also the continuity between the pieces, which can be
up to p− 1. The B-spline representation has useful properties such as compact
support, non-negativity, partition of unity (the basis functions sum up to one
in all parameter values) and linear independence. This implies that the spline
representation is a numerically very stable and forms a basis for the spline space.
The bi-variate basis functions Rk,p1,p2(u, v), k = 1, . . . , N1×N2 of the tensor-
product spline surfaces are defined by multiplication of univariate B-spline basis
functions.
F (u, v) =
N1N2∑
k=1
ckRk,p1,p2(u, v) =
N1∑
i=1
N2∑
j=1
ci,jBi,p1,t(u)Bj,p2,τ (v). (1)
The relation between k and i, j is defined by k = i+ (j − 1) ∗N1.
Here t = {t1, t2, . . . , tN+p1+1} and τ = {τ1, τ2, . . . , τM+p2+1} are the knot
vectors in first and second parameter direction, respectively. p1 and p2 are
the polynomial degrees and N1 and N2 denotes the number of basis functions
in the two parameter directions. The construction implies that the properties
of the univariate B-spline carry over to the tensor product case. Thus, the
tensor-product spline surface is a stable construction, but it is also a relatively
restricted format. The distance between consecutive knots may differ so the size
of the polynomial pieces may vary, but the format lacks the property of local
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(a) (b)
Figure 1: (a)B-spline basis functions for quadratic spline curve, (b) surface basis
function
refinement. Spline curves and surfaces can be equipped with a rational scaling
and thereby be able to represent entities such as circles, cylinders and sphere
exactly, but this possibility makes the format more complex and does not pay
off in the case of approximations so we will not go any further into rational
splines.
Fig. 1 (a) shows the B-spline basis functions of a quadratic spline curve on
the knot vector {0, 0, 0, 1, 2, 3, 3, 3}. Consider the middle basis function. It is
a quadratic spline function with two inner knots where the polynomial pieces
are joined with C1-continuity. (b) shows the middle B-spline basis for a tensor-
product surface with a similar knot vector in both parameter directions. A B-
spline curve is refined by inserting a new knot in the knot vector and updating
the curve coefficients with respect to this knot. The shape of the curve will not
change, but the data size and consequently the modelling power of the curve is
increased. Similarly the tensor-product surface is refined by adding new knots
to the knot vectors in the parameter directions of the surface.
2.2 Locally refined B-spline surfaces
In some domains such as representation of terrain and sea bottom, the lack
of local refinement is a severe restriction. A tensor-product surface covers a
rectangular domain and the need for approximation power will not be uniformly
distributed throughout this domain. There are three main approaches to extend
spline surfaces to support local refinement: Hierarchical splines [6], T-splines [14]
and LR B-splines [1]. The three approaches are compared in [3]. We will here
focus on LR B-splines.
The parameter domain of a tensor-product spline surface is defined by a
regular mesh of knot lines possibly with multiplicity. The mesh splits the domain
into rectangles (boxes) each corresponding to a polynomial piece of the surface.
The process of creating LR B-splines always starts from a tensor product
B-spline space, and the corresponding tensor product mesh of knot lines. Axis
parallel local knot line segments are successively inserted and have to satisfy:
• The knot line segment starts and ends at knot line (segments) in the other
parameter direction.
• The knot line segment has to split the support of at least one existing LR
B-spline.
The resulting mesh defines a collection of none overlapping boxes (boxes can
touch but don’t overlap adjacent boxes). The union of the boxes corresponds
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Figure 2: Parameter domain of an LR B-spline surface with indication on B-
spline support. The knot lines are shown as black lines. The support of two
overlapping B-splines are shown in red and in blue
to the union of the boxes of the tensor produce mesh from which the process
started. The B-splines spanning the spline spaces are created in parallel to the
knot line segment refinement.
• For each knot line segment inserted: Identify the B-splines whose support
is split and remove these from the collection of LR B-splines.
• Refine the removed B-splines until they are all have minimal support (Can-
not be split to smaller B-splines by any existing knot line segment).
• Add the resulting collection of refined B-splines to the collection of LR
B-splines.
Fig. 2 shows a parameter domain and the segmentation into boxes of a bi-
quadratic LR B-spline surface. In addition the support of two tensor product
B-splines is shown. We see that there is a knot line that stops inside the blue
tensor product B-spline support. This knot line segment is excluded from the
local knot vectors defining the tensor product B-spline covering the blue sup-
port.
An LR B-spline surface that is defined on such a domain. is given as
F (u, v) =
L∑
i=1
PisiRi,p1,p2(u, v)
p1 and p2 are the polynomial degrees of the surface in the two parameter direc-
tions. The domain is defined by two global knot vectors t = {t1, t2, . . . , tN1+p1+1}
and τ = {τ1, τ2, . . . , τN2+p2+1} as in the tensor-product case.
To simplify notation to be used later we now define the scaled B-splines
Ni,p1,p2(u, v) = siRi,p1,p2 . The scaled tensor product B-splines used for describ-
ing a LR B-spline surface are non-negative by construction and has a compact
support with size depending on the knot configuration. Partition of unity is ob-
tained by adding the scaling factor si, i = 1, . . . , L to the construction. In many
situations si ≡ 1, but occasionally when more B-splines than (p1 + 1)(p2 + 1)
overlap an element, then 0 < si < 1, for some of the B-splines.
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Each tensor product B-spline Ri,p1,p2(u, v), i = 1, . . . , L is formed by multi-
plying two univariate B-spline functions as shown in Equation 1, but in this case
not all the knot line segments intersecting in the support of the tensor product
B-spline are relevant for the local knot vectors of the tensor product B-spline.
Only knot lines that cross the entire support of the tensor product B-spline are
used for creating the local knot vectors. Refinement is performed by defining a
new knot line segment in one of the parameter directions that at least splits the
support of one tensor product B-spline.
Linear independence is not in general guaranteed, but is ensured for the
constructions used in this article. Violations to the linear independence can be
detected and resolved by dedicated knot line insertions. Linear dependence of
LR B-splines is addressed in detail in [13].
Data: Point cloud, maximum number of iterations, threshold used in
refinement strategy
Result: Approximating surface, information on approximation
accuracy
Generate initial surface;
Compute accuracy;
while there exists points with larger distance than the given threshold
and the maximum number of iterations is not reached do
Refine the surface in areas where the tolerance threshold is not
reached;
Perform approximation in the current spline space;
Compute accuracy;
end
Algorithm 1: Iterative algorithm for LR B-spline surface generation
2.3 LR B-spline surface approximation algorithm
Approximation of a point cloud with an LR B-spline surface is performed in
an iterative algorithm using a combination of least squares approximation and
multi-level B-spline approximation [8] adopted for LR B-splines.
The surface approximation algorithm, see Algorithm 1, is described in some
detail in [15] and [16]. We will here provide a summary. Initially, the point
cloud is approximated by a tensor-product spline surface. Normally, the x- and
y-coordinates of the points serve as the parameter values while the surface (or
function) approximates the height data, but the algorithm handles parameter-
ized points as well (each point is given with a parameter pair and 3D coordi-
nates). Then a 3D surface is generated. We will, in the following, focus on
approximation of height values.
The initial surface is represented as an LR B-spline surface, the distances
between the surface and the points are computed, and the accuracy information
are distributed to the polynomial patches or elements of the surface. As long
as the accuracy threshold is not satisfied in some elements, these elements are
candidates for splitting. To obtain more degrees of freedom, a new knot line
segment must split the domain of at least one B-spline into two disjunct parts.
Thus B-splines having at least one candidate element in its support are split.
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One or more new knot lines are defined in the domain of the B-spline depending
on the configuration of out-of-threshold points.
The splitting does not by itself change the surface. However, the surfaces is
represented by using more degrees of freedom. To take advantage of the new
degrees of freedom the surface is updated either by a least squares approximation
or by applying the multi-level B-spline algorithm (MBA) [8] adapted to LR B-
splines.
In [15] the two approximation algorithms are compared in a number of exam-
ples. In general, the least squares algorithm has a better approximation order
while the MBA-algorithm is more stable when the spline space is less regular
and/or the number of points in each element is low. Typically, we use least
squares approximation in the first few iteration steps, then turn to MBA. Given
the updated surface, the process of accuracy computation, refinement and sur-
face update is repeated until either all points are within the given threshold
from the surface, or the maximum number of iterations is reached. Since the
point set may represent a very rough terrain and contains noise and possible
outliers, the process is typically stopped by the number of iterations.
Least squares approximation is a global method where the following expres-
sion is minimized with respect to the surface coefficients P = {P1, . . . , PL} over
the entire surface domain:
min
P
[α1J(F (x, y) + α2
K∑
k=1
(F (xk, yk)− zk)2].
F (x, y) is the current LR B-spline surface, and x = (xk, yk, zk), k = 1, . . . ,K
are the data points. The expression is differentiated and turned into a linear,
sparse equation system in the number of surface coefficients. J(F (x, y) [9, 11]
is a smoothness term that enables a non-singular equation system even if the
support of some B-spline does not contain any data points, a situation that with
pure least squares approximation would lead to a singular system. The weight
on the smoothness term is kept low to emphasize the approximation accuracy.
Multi-level B-spline approximation (MBA) is a local method [8] where each
B-spline coefficient is updated with respect to the data points in the support
of the corresponding B-spline. If xc = (xc, yc, zc) where c = 1, . . . , C are the
data points situated in the domain of one B-spline, then the new coefficient Pi
is determined as
Pi =
∑C
c=1Nc(xc, yc)
2φc∑C
c=1Ni(xc, yc)
2
, (2)
where
φc =
Ni(xc, yc)zc∑J
j=1Nj(xc, yc)
2
.
Nj , j = 1, . . . , J are the B-splines overlapping the data point (xc, yc, zc). φc is
obtained by a pseudo inverse approach to solve the under-determined equation
system zc =
∑J
j=1 φjNj(xc, yc). Every data points lead to different values of φ.
Equation 2 is obtained by minimizing the error e(Pi) =
∑C
c=1 |PiNi(xc, yc) −
φiNi(xc, yc)| with respect to Pi. The process is explained in more detail in [19].
The algorithm is developed for tensor-product spline surfaces where the re-
sult is an initial surface and a sequence of difference surfaces with increasing
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(a) (b)
Figure 3: (a) Point set, (b) LR B-spline surface
granularity. The result is the sum of all surfaces. In the LR B-spline case, the
format allows for combining the initial surface and the difference surface into
one surface. The data points approximated at each iteration level are the resid-
uals between the original data points and the current surface. The new surface,
at each step in the iteration, is the sum of the last surface and the obtained
difference surface.
2.4 Example: Approximating a geospatial point cloud by
an LR B-spline surfaces
We will illustrate the LR B-spline approximation frame work by applying the
algorithm to a selected data set. The same data set and corresponding surface
will be used to explain how the locally refined spline approach can be used in a
GIS work flow, and how the approximation algorithm can be tweaked to further
utilize the flexibility of the LR B-spline format. Consider Fig. 3. The data set (a)
covers an area of slightly less than one square kilometer close to the Norwegian
coast. It consists of about 11 millions quite regularly distributed points with
some holes. The area is shallow, the depth varies from -27.94 meters to -0.55
meters. The theoretical least maximum distance between the surface and the
point cloud is 1.19 meters as the cloud contains one pair of points with the same
(x, y)-coordinates and different heights. As the data set is not compliant with a
rectangular area and contains holes while an LR B-spline surface is defined on
a rectangular domain, the valid part of the surface corresponding to this data
set is defined by the use of trimming. Curves lying in the surface restricts the
surface to the domain of the point cloud. The approximating surface (b) fits
99.68% of the points within a distance of 0.5 meters. The average distance is
0.068 meters and the maximum distance is 2.85 meters. The surface is created
by 7 iterations in Algorithm 1 using a distance threshold of 0.5 meters.
Fig. 4 (a) shows the points where the distance to the surface is more than
0.5 meters. This applies to 35 176 points and the average distance for these
points is 0.66 meters. Green points lie below the surface and red points above,
stronger colour indicates larger distance. The majority of the shown points lie
in areas with high variation in the point set, particularly close to the holes in
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(a) (b) (c)
Figure 4: (a) Surface and points exceeding the 0.5 meters threshold. (b) Distri-
bution of polynomial patches in the surface, each square represent one patch.
(c) Detail with all points. White points lie within the threshold
the data set, which indicate land. These areas are also those where the surface
has been refined most (Fig. 4 (b)). Points with a distance to the surface that is
smaller than the threshold are dominating even in the areas with most distant
points (c). Increasing the number of iterations to 9, the number of points
with a distance larger then 0.5 meters decreases to 21 446 while the surface size
increases from 2.5MB to 16MB. The data set size is 359MB. After 16 iterations
the limit maximum distance of 1.19 meters is reached. The average distance is
0.052 meters and 476 points are further away from the surface than the given
threshold, but the surface size has grown 53MB. Continuing to 20 iterations
another 5 points are within the threshold at the cost of increasing the surface
size with 4MB. It is not necessarily a gain in insisting on the maximum possible
accuracy. It must be balanced against the surface size.
3 Export
The LR B-spline representation format is relatively new, and the current support
is limited. Thus, an option to export these surfaces to other formats is crucial for
the LR B-spline format to be usable. Raster is the standard representation for
terrains and sea bottom, and raster creation is a matter of regular evaluation,
possibly with some adaption to features such as extremal points, ridges and
valleys. A raster representation will not support the same level of detail as an
LR B-spline representation of an area, but a high accuracy LR B-spline surface
can give rise to rasters of different resolution. Thus, the LR B-spline surface
can serve as a master representation to be harvested according to needs.
Fig. 5 shows rasters of two different resolutions generated from the LR B-
spline surface in Fig. 3 visualized as png files.
3.1 Export as ISO 10303 LR B-spline surfaces
ISO 10303 (STEP) is a standard for digital exchange of product data. It has
a broad scope, but CAD data exchange was an early adapter of the standard.
Tensor-product spline surfaces belong to the generic resources (Part 42) and
in the context of the EC Factories of the Future project TERRIFIC (2011-
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(a) (b) (c)
Figure 5: (a) Raster with one meter resolution. (b) A detail. (c) Detail with
five meters resolution
(a) (b) (c)
Figure 6: (a) LR B-spline surface mesh. (b) Mesh when the surface is divided
into 666 TP surfaces. (c) Mesh when the surface is divided into 300 TP surfaces
2014), it was proposed to extend Part 42 with, among other things, locally
refined surfaces. These extensions were published as part of STEP in 2018. It
is ongoing work to make this format available for STEP users so in the future
LR B-spline surfaces can be exchanged directly through STEP.
3.2 Export as tensor product B-spline surface
Direct export of LR B-spline surfaces through neutral exchange formats will
be an option in the future, but is not yet available. However, being a spline
surface, an LR B-spline surface can be expanded to a tensor-product (TP)
spline surface at the cost of a potentially large increase in data size. This
conversion contradicts the idea of locally refined splines. The size of the surface
in Fig. 3 increases from 2.5MB to 17MB and the increase in the number of
polynomial patches is much higher due to different file formats. A better option
is to represent the LR B-spline surface by a collection of tensor-product spline
surfaces maintaining the feature of data size distributed according to needs.
Fig. 6 indicates how the LR B-spline surface shown in Fig. 3 can be divided
into tensor-product spline surfaces. The surface could be exported as a set of
Bezier surfaces, but as the surface contains 44 530 polynomial patches, it is not
obvious that this is a good solution even though a number of the patches does
not belong to the trimmed surface. Image (a) shows the polynomial patches of
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Figure 7: The slope of the surface in Fig. 3 (b) is evaluated in a raster
the LR B-spline surface, (b) and (c) shows the patches after dividing the surface
into 666 and 300 tensor-product patches, respectively.
The division into TP surfaces is performed by a recursive algorithm. At each
level it considers how the current surface can be split by extending one knot
line to cover the entire surface domain. The candidate knot line must contain
T-joints, that is at least one knot line in the other parameter direction must
end at this knot line. The number of polynomial patches in the surface being
split by the knot line extension should be minimized and at the same time the
knot line should divide the current surface into two surfaces of approximately
the same size. The balance between the two criteria varies throughout the
recursion levels. When an appropriate split is found, the algorithm proceeds to
look for splits in the two sub surfaces. The splitting algorithm stops when no
sub surface contains more segmented knot lines than a given threshold. Each
sub surface is expanded to a tensor-product spline surface by adding missing
knot segments.
4 Analysis Tools
A GIS surface can be used to gain insight in the domain it represents. Along with
visualization, properties such as slope, aspect and contour curves are computed.
Being a spline surface a point-wise computation of slope and aspect is a straight
forward task, an example of slope is shown in Fig. 7. We will here go into some
details regarding contour lines and also present computation of extremal points.
4.1 Contour lines
Contour curves calculation is a needed functionality in GIS systems. LR B-
spline surfaces are polynomial functions and are as such well suited for such
11
(a) (b)
Figure 8: (a) Division in TP surfaces. The trimming loops corresponding to the
LR B-spline surface are shown in black. (b) Contours, one meter resolution
calculations. Contour curves are level curves of the spline surface. We want to
find fa(t) = (f1(t), f2(t))
T ∈ R2 such that F (f1(t), f2(t)) = a for all requested
levels of a.
Instead of developing interrogation functionality for LR B-spline surfaces,
we split the LR B-spline surface into a number of tensor product surfaces as
described in the previous section. Then we use the interrogation functionality
of SINTEF’s spline library, SISL [4] on each subsurface.
Fig. 8 (a) shows how our example surface is split into TP surfaces while (b)
shows the final contour curves with a resolution of one meter. The contouring
problem corresponds to intersections between a parametric spline surface and
an algebraic surface, a problem that is discussed in [12]. The applied algorithm
contains several phases:
1. Divide LR B-spline surface into a set of TP surfaces
2. For each level value and each TP surface
(a) Compute the topology of the contour curves using SISL. This is a
recursive algorithm that finds a set of “guide points” on each curve
branch.
(b) Trace each identified curve branch starting from an identified “guide
point”. Represent the curves traced out as spline curves.
3. For each level value: combine sub curves from different TP-surfaces into
contour curves for the entire LR B-spline surface.
The contour curves will be accurate with respect to the level values and
approximate the LR B-spline surface with respect to a given tolerance.
An LR B-spline surface approximating an area with large shape variation
will contain many details, which again will lead to a complex pattern of contour
curves, see Fig. 9 (a). In this figure one tensor product surface is marked
”Current surface”, and we will describe the computation of the contour curves
on this TP surface in some detail. The surface patch is in very shallow water
12
(a) (b)
Figure 9: (a) Contour detail. Tensor product patches are distinguished by
colour. Contour curves are shown in blue. (b) Result from topology detection,
with guide points in red. Connected guide points describes 4 contour curves
and contains contour curves at the depths of two, three and four meters. The
contour pattern at depth two meter is complex with one curve passing between
opposite boundaries, one curve with both endpoints at the left boundary and
two very dense inner closed loops. The topology detection is concerned with
identifying this pattern and generating starting points for the proceeding tracing
of the contour curves. Also guide points that give a more complete description
of the curves are computed. The algorithm uses a recursive approach:
1. Check if there is any possibility that the level value corresponding to the
sea depth intersects the current surface. As the surface in reality is a
function, this setup makes sense. Otherwise, stop the computation.
2. Compute all intersection points at the surface boundaries. This is done
recursively in the number of parameter directions and the pattern of the
lower dimensional algorithm follows the current pattern.
3. Check if there is any possibility that the level value intersects the surface
excluding boundaries. If not stop the computation at this recursion level.
4. Check for a possible existence of inner closed intersection loops. If not
mark connections between intersection points at the boundaries and stop
the computation at the current recursion level.
5. Divide the surface into two or four.
6. Compute intersections with the level value for the boundaries between sub
surfaces.
7. For each sub surface go to 3
More details can be found in [2]. Efficiency and robustness of the algorithm is
reached through good interception methods and a clever strategy for dividing
the surface into sub surfaces. A discussion on subdivision strategies for surface
13
Figure 10: Tracing result
intersections can be found in [17]. A general rule is to subdivide at singularities
and internal in closed loops. A complex situation will lead to more subdivisions
and consequently more guide points as shown in Fig. 9 (b). The relatively simple
curve at the top is identified with fewer subdivisions.
Consider again the TP surface marked “current” in Fig. 9 and denote the
surface F (u, v). The surfaces is bi-quadratic and C1 continuous. This degree
of smoothness imply that the contour curves can turn quite sharply at knot
lines. The objective when tracing a contour curve is to describe the curve with
sufficiently accuracy, handle sharp turns in the curve and avoid jumping to a
different contour curve. In the current case, the distance between the two closed
loops is very small. The algorithm works as follows: For a current point (u0, v0)
on the contour curve estimate the position of the next point and iterate it onto
a contour curve. The contour curve tangent at the point is, in the parameter
domain, given by (Fu(u, v), Fv(u, v)) and the step length is deduced from the
lengths of the first and second derivatives of the surface at the point along with
the surface size. Ensure consistency of direction between the start point and the
endpoint of the current segment, between both points and the midpoint of the
segment and possibly also with other intermediate points. If the consistency is
not regarded as sufficient, a new endpoint closer to the current one is computed
and the process repeated. The tracing function uses information about the first
and last guide point obtained from the topology detector and whether the curve
is closed or not. Typically, the tracing function will produce a denser and more
uniform sequence of points than the topology detector, see Fig. 10, but a simple
configuration leads to less points also in this part of the computation.
The final step is, for each level value, to join curve segments across the
boundaries of the tensor-product surfaces, see Fig. 11. Here 5 curve segments
of an open curve need to be merged at the surface interfaces marked with black
lines. Two segments of a closed loop need to be joined to create a closed contour
curve. Note that there are still curve segments that need to be merged in the
other parameter direction. During the processing of the interfaces between the
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Figure 11: Joining curve fragments into complete contour curves across TP
surface boundaries. Detail. The various curve segments have different colours
and TP surfaces are also distinguished by colour
TP surfaces, more and more small curve fragments will be joined and finally the
contour curves will end at boundary curves of the complete LR B-spline surface,
they will be closed or more than two curves will meet at a branch point in the
inner of the surface.
4.2 Extremal points
Information about minimum and maximum points (extremal points) can con-
tribute to get a picture of the behaviour of the terrain or sea bottom in a given
area. Such points are also contained in the set of standard map information,
provide important information if a lower resolution representation of the domain
is searched for and are candidates for landmarks. However, it is not obvious how
extremal points should be defined. Consider the surface visualized in Fig. 3 (b)
and 8 (b). This surface probably has one or a few global maxima, mostly placed
at surface boundaries and also a few global minima. The surface has a huge
amount of local extrema and the higher the accuracy of the approximation, the
higher is the expected number of local extrema.
The granularity of the extremal point definition can be linked to the granu-
larity of the contour curves. Minimum and maximum points that do not devi-
ate more from their surroundings than the interval between subsequent contour
levels are not regarded as significant. Thus, a condition for the existence of an
extremal point in an area is that the extremal point is surrounded by a closed
contour curve or a contour curve meeting the surface boundaries. Furthermore,
there must be no contour curves inside of the identified one that are associated
with the same type of extremal point. If the terrain height increases through a
contour level, before decreasing again to form a dump, it can be appropriate to
define both a minimum and a maximum point. Fig. 12 (a) shows the contour
curves indicating the existence of an extremal point in black together with the
remaining contour curves in blue. The curves are shown in the xy-plane. In (b)
the found extremal points are shown together with the surface and the contour
curves. We see that the vast majority of extremal points are maximal and that
they are quite densely distributed in some areas. Typically, the surface has local
height variation in the vicinity of a contour level, which can give extremal points
of low significance. Thus, post processing of the found extremal points will be
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(a) (b)
Figure 12: (a) Contour loops (black) where extremal points are expected. (b)
Found extremal points, red points are maximum points and green points are
minimum points
needed to get a more representative selection.
Each identified contour curve gives an area in which one minimum or maxi-
mum point is to be found. This area is then represented as a trimmed tensor-
product surface using a similar approach as in the contour curves computation.
Normally, one area gives rise to one TP surface. One global extremal point
is computed for each TP surface. The strategy is very similar to the topol-
ogy detection functionality for contour curves. Extremal points at the surface
boundaries are identified. A check for a possible more extreme point in the in-
ner of the surface is performed. Since the surface is bounded by its coefficients
the maximum value of the surface will not go beyond the maximum coefficient.
Similarly, if the control polygon given by the surface coefficients changes di-
rection at most once in one of the parameter direction, then there will be at
most one extremal point in the surface, and an iteration for the local extreme
is performed. Previously found, less extreme, points are removed when a new
extremal point is identified. If the current surface is too complex to conclude
with a result, the surface is subdivided and the search continues on each sub
surface.
The search for a global extremal point is performed on the non-trimmed
tensor-product surface. Thus, it is necessary to check whether the found point
is actually inside the trimmed surface. Due to the terrain configuration where
we know there will be an extremal point inside the trimming loop, this will
often be the case. However, in areas with several extremal points, we might
experience that an adjacent point lies within the TP surface and has a more
extreme behaviour. In our test case 58 out of 407 found extremal points are
situated outside the trimmed surface. Thus, a fallback strategy is required. A
number of sample points inside the trimmed surface provide start points for an
extremal point iteration. The most extreme point is selected.
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Table 1: Figures of accuracy for approximations with varying number of itera-
tions and accuracy thresholds. The total number of points is 11 150 110 and the
size of the point file is 297 MB. The sizes of the approximating surfaces in MB
are reported along with the maximum and average distances between the point
sets and the surfaces. The number of points having a distance to the surface of
less than 0.2 meters, between 0.2 and 0.5 meters and more then 0.5 meters are
given in column 5, 6 and 7, respectively.
Setup Sf. size Max dist. Av. dist. Pts. lt. 0.2 Lt. 0.5 Gt. 0.5
1 2.5 MB 2.85 m. 0.068 m. 10 429 550 685 381 35 179
2 16 MB 2.81 m. 0.052 m. 10 753 948 336 828 27 334
3 139 MB 2.48 m. 0.042 m. 10 957 497 179 908 12 705
4 9.6 MB 2.81 m. 0.055 m. 10 730 787 388 785 30 538
5 3.7 MB 2.82 m. 0.063 m. 10 496 438 609 920 43 752
5 Adopting the approximation to emphasize par-
ticular areas
In shallow waters, as is the case in our example, an accuracy of the surface
representation of in essence 0.5 meters may not be sufficient. In particular the
boat traffic may need more exact information about shallows. We will, in this
section, investigate some strategies for ensuring sufficient clearance in critical
areas.
5.1 Surface Resolution
A tighter tolerance could lead to more accurate surfaces, but the surface ap-
proximation is, in general, as accurate as the degrees of freedom in the surface
allows, as described in Sect. 2. Thus, an increase in the number of iteration lev-
els may be required to improve the accuracy significantly. More iteration levels
will increase the data size as well as a stricter tolerance since the tolerance is
used to direct where to insert new knot lines. To limit this increase in data size,
we let this tolerance, or threshold for refinement, depend on the sea depth at
each point. Shallow water lead to a stricter tolerance than great oceans depths.
Table 1 compares the obtained surface approximation accuracy for different
refinement requirements. Setup 1 corresponds to the surface in Fig. 4. 0.32% of
the points lie outside the given threshold of 0.5 meters. For the remaining cases
with a varying tolerance, the percentage of points with a distance larger than the
applied stricter tolerance is 2.68%, 1.37%, 3.12% and 4.98%, respectively. The
data size increases significantly with a stricter tolerance and more iterations
applied in the approximation algorithm. To avoid approximation of noise a
restriction on the size of the polynomial patches can be applied. This helps
limit the surface size, but influences also the approximation accuracy as can be
seen in Table 1, Setup 4 and 5.
• Setup 1: 7 iterations, tolerance = 0.5 meters.
• Setup 2: 7 iterations, tolerance varies from 0.2022 m. to 0.31176 m.
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(a) (b) (c)
Figure 13: (a) Approximating surface according to setup 3 (variable strict tol-
erance, 9 iterations). (b) Details of surface in (a). (c) Corresponding detail for
surface of setup 5 (variable strict tolerance, 9 iterations, polynomial patch size
restriction)
• Setup 3: 9 iterations, tolerance varies from 0.2022 m. to 0.31176 m.
• Setup 4: 9 iterations, tolerance varies from 0.2022 m. to 0.31176 m.,
restricting the size of the polynomial patch to 1.0 square meter.
• Setup 5: 9 iterations, tolerance varies from 0.2022 m. to 0.31176 m., patch
size restriction 2.0 square meters.
The figures of accuracy improve with higher data size, but not in the same
magnitude. The average distance between the surface and the points is always
kept low as the surface approximates smooth data very well. The larger dis-
tances are caused by a non-smooth behaviour in the data that can be due to
variation in the sea bottom like stones, small inconsistencies in the data set or
even outliers, which is present in this data set. In fact, the surface tends to
emphasize too much on such variation if the degrees of freedom are high as can
be seen in Fig. 13 where the largest surface (a) and (b) has a tendency towards
oscillations in some areas. The approximation setup must reflect the data set
properties so in this case the choice of tolerance led to too much data. A depth
dependent tolerance threshold is more suitable to increase the tolerance and
impose a less detailed approximation at large depths.
If all details in the data set are to be represented with high accuracy, a
triangulation is the best choice. However, to create an overall smooth and
reasonably accurate surface with emphasis on particular details, there are still
opportunities with the LR B-spline approach.
5.2 Limit surfaces
The distances between a surface and the associated points vary depending on
the extent of steepness or roughness in the sea bottom/terrain and the point
quality. In general, the distance will be larger in non-smooth areas. The exact
accuracy can be computed with the help of limit surfaces, see Fig. 14 (a). The
surfaces share the spline space of the approximating surface and lies at each
side of the surface such that the points are bounded by the two surfaces. Let us
look at an example. The source surface is generated by Setup 1 in Table 1. The
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(a) (b)
Figure 14: (a) Limit surfaces on each side of the point set seen from the side.
The red surface lies above the point cloud and the green lies below. (b) Point
cloud coloured according to the distance to the upper limit surface. All points
interpolate or lie below the surface, white points with a distance less than 0.2
meters. More saturated colour means higher distance
maximum distance between the two limit surfaces is 4.26 meters, the minimum
distance is zero, and the average distance is 0.93 meters. The upper limit
surface is guaranteed to lie above all measurement points. Thus, it can serve
as a conservative model with respect to the sea depth at shallows. Fig. 14 (b)
shows this surface along with the data points coloured according to the distance
to the surface. The maximum distance is 4.06 meters below the surface and
the average distance is 0.41 meters. 979 288 points lie closer than 0.2 meters,
another 7 113 283 points lie closer than 0.5 meters while 45 594 points lie more
distant than 1 meter.
The initial point set is divided into two point sets lying on either side of
the surface and represented as residuals. Each residual set is approximated by
in the same spline space as the surface by applying several iterations of the
MBA-algorithm. No further refinement of the surface is performed. This gives
two residual surfaces. A post process ensures interpolation of the remaining
residuals. Finally, the two limit surfaces are created by adding the initial surface
and the residual surfaces.
A weighted surface between the approximating surface and the upper limit
surface can be created. The resulting surface will be close to the upper limit
surface in shallow areas and coincide with the approximating surface in deeper
water. The weighted middle surface for the approximating surface of Setup 1
and the corresponding upper limit surface is shown in Fig. 15 (a). As seen in
(b), the majority of the points lie below the surface. 513 points lie above the
surface with a distance larger than 0.2 meters. The maximum distances between
the surface and the points are 0.63 meters above the surface and 3.66 meters
below. The average distance is 0.35 meters. The contour curves corresponding
to the mid surface is shown in (c). Comparing with Fig. 8 (b), we can see that
the difference between the two surfaces is most visible in the smooth area in the
middle of the surface.
5.3 Approximation with significant points
The weighted mid-surface construction can be vulnerable for outliers as the
limit surface, if requested to interpolate the extreme points, will interpolate
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(a) (b) (c)
Figure 15: (a) Weighted mid surface. (b) Data points coloured according to
distance to mid surface. Red points lie above the surface and green points
below. The red points are emphasized. (c) Mid surface and contour curves
also outliers. Another approach for solving the problem of insufficient accuracy
and shallows is the concept of significant points.
Both the least squares approximation and the MBA algorithm are able to
weigh points individually. The surface will approximate points with a higher
weight more closely and it is possible to do additional refinement in areas with
significant points. Thus, defining significant points at critical areas in shal-
low water may maintain the need for a very accurate depth representation at
shallows with a lean and smooth surface.
The election of significant points is crucial to get the wanted result: good
accuracy in critical points, high safety at shallows, low data size and avoidance
of modelling noise. We have selected 300 points from the original data set. The
points lie in the vicinity of the extremal points shown in Fig. 12 (b). One data
point close to each maximum point having a depth of less than ten meters, is
selected as a significant point. Such a point has the minimum depth of all data
points in its neighbourhood.
Fig. 16 shows the result of the approximation. Note that most of the red and
green data points shown in the picture have a distance of less than 0.5 meters,
which is the given general threshold.
Fig. 17 shows the surfaces of the same number of iterations and same tol-
erance threshold computed with and without involving significant points. The
surfaces are very similar, but the one adapting to significant points tends to lie
above the other in the vicinity of significant points.
Table 2 relates weighted middle surfaces and approximation with significant
points to pure point approximation. The general accuracy figures show that the
middle surface has lower accuracy than the other approaches. This is expected.
The surface is lifted upwards to obtain a security depth at shallows. The gen-
eral accuracy when significant points are included compares quite equitable to
approximations without significant points, but the ordinary points are slightly
punished for the extra emphasize on the significant points. For Setup 7 and 8
significant points with an associated tolerance of 0.2 are given. The maximum
and average distance to the significant points after 7 iterations were 0.099 me-
ters and 0.0008 meters, respectively and the distance between the surface and
the most distant point above the surface is 1.8 meters. After 9 iterations the
maximum distance between the surface and the significant points is 0.023 me-
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(a) (b)
Figure 16: (a) Surface approximation with 7 iterations, a general tolerance of
0.5 meters, 266 significant points where the tolerance is set to 0.2 meters. The
significant points are shown in black. (b) Points with a distance of more than
0.2 meters are displayed as well. Red points above the surface and green points
below. More saturated colour means larger distance
(a) (b)
Figure 17: (a) Surface with approximation of significant points (grey) and with-
out significant points (Setup 1, blue) along with the significant points and points
with a distance larger than 0.5. (b) A detail. We can see that the surface adapt-
ing to the significant points tends to lie above the other close to these points
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Table 2: Figures of accuracy for approximations with different setups regarding
the number of iterations, tolerance threshold, significant points and limit surface
construction. The three first cases are included from Table 1 as reference.
Setup Sf. size Max dist. Av. dist. Pts. lt. 0.2 Lt. 0.5 Gt. 0.5
1 2.5 MB 2.85 m. 0.068 m. 10 429 550 685 381 35 179
2 16 MB 2.81 m. 0.052 m. 10 753 948 336 828 27 334
3 139 MB 2.48 m. 0.042 m. 10 957 497 179 908 12 705
6 2.5 MB 3.66 m. 0.63 m. 2 038 963 73˙17 605 1 793 542
7 2.6 MB 2.9 m. 0.068 m. 10 422 923 687 487 39 700
8 17 MB 2.47 m. 0.057 m. 10 669 437 459 456 21 217
ters and the average distance is 0.002 meters. The maximum distance to points
above the surface is reduced to 1.68 meters. After 7 iterations, post processing
of the significant points was required. This was not the case when 9 iterations
were applied.
• Setup 1: 7 iterations, tolerance = 0.5 meters.
• Setup 2: 7 iterations, tolerance varies from 0.2022 m. to 0.31176 m.
• Setup 3: 9 iterations, tolerance varies from 0.2022 m. to 0.31176 m.
• Setup 6: Weighted middle surface, 7 iterations, tolerance = 0.5 meters
• Setup 7: 7 iterations, tolerance = 0.5 meters, 266 significant points, tol-
erance = 0.2 meters
• Setup 8: 9 iterations, tolerance = 0.5 meters, 266 significant points, tol-
erance = 0.2 meters
6 Conclusion and Further Work
The LR B-spline surface format is a new representation format that provides a
middle road between the rigid, but effective regularity of the raster format and
the large flexibility of triangulated surfaces. LR B-spline surfaces are smooth,
and can represent local detail without a drastic increase in data size. Being a
novel format, the support in GIS systems is non-existent, but the surfaces can be
exported as rasters in various resolutions as well as collections of tensor-product
spline surfaces.
As a spline format, LR B-spline surfaces are well suited for computation
of various properties. We have discussed the computation of contour curves
and extremal points. The latter will require some post processing to get a clean
collection of points. This will be looked into in the future. We will also look at a
representation of slope and aspect that gives further insight in the information
these quantities possess. We are for instance interested in a kind of contour
curves for slope.
Generalization is the process of computing a lower resolution terrain or
seabed model from a high resolution one. Advanced methods take features
such as extremal points, ridges and valleys into account. Generalization is not
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yet investigated for LR B-spline representations, but it is an important and
interesting topic for further work.
Outliers may obstruct the surface computation. Single points do not influ-
ence the surface significantly, but collection of outliers points and outliers in
areas with sparse data points will drag the surface in their direction. Moreover,
the existence of outliers will obstruct the accuracy information. To some extent
outliers can be identified during the computation of the approximating surface
and removed during the iterative algorithm presented in Sect. 2. However, this
approach is mostly suited for single outlier points and there is always a risk
of removing significant points. The outlier problem is an important topic for
further work.
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